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We introduce and study dynamical probes of band structure topology in the post-quench time-
evolution from mixed initial states of quantum many-body systems. Our construction generalizes the
notion of dynamical quantum phase transitions (DQPTs), a real-time counterpart of conventional
equilibrium phase transitions in quantum dynamics, to finite temperatures and generalized Gibbs
ensembles. The non-analytical signatures hallmarking these mixed state DQPTs are found to be
characterized by observable phase singularities manifesting in the dynamical formation of vortex-
antivortex pairs in the interferometric phase of the density matrix. Studying quenches in Chern
insulators, we find that changes in the topological properties of the Hamiltonian can be identified
in this scenario, without ever preparing a topologically non-trivial or low-temperature initial state.
Our observations are of immediate relevance for current experiments aimed at realizing topological
phases in ultracold atomic gases.
Introduction. The study of topological states of mat-
ter has been a major focus of research in physics for many
years. Theoretical [1–6] and experimental [7–13] progress
on realizing such exotic phases in ultracold atomic gases
(see Ref. [14] for a review) now provides a platform
to study their nonequilibrium properties. In particular,
the latter systems naturally offer powerful probes beyond
what is achievable in solid state materials, including full
state tomography [15] and single-site resolved quantum
gas microscopy [16–19]. A generic protocol in state of
the art cold atom experiments is to prepare a topologi-
cally trivial (thermal) initial state and then observe the
non-equilbrium dynamics after the Hamiltonian has been
quenched into a topological phase. In this scenario, a nat-
ural challenge is to reveal dynamical signatures of topol-
ogy, without ever preparing a low-temperature state of
the final target Hamiltonian [20–23].
The purpose of this work is to propose and analyze dy-
namically defined probes of such topologically non-trivial
quenches for realistic systems described by a mixed state.
To this end, we generalize from pure states to density
matrices the concept of dynamical quantum phase transi-
tions (DQPTs) [24] which defines a nonequilibrium coun-
terpart to conventional transitions in quantum real-time
evolution. While at an equilibrium transition the thermo-
dynamic potentials become nonanalytic as a function of
a control parameter such as temperature, DQPTs lead to
non-analytic behavior as a function of time in Loschmidt
amplitudes G(t) = 〈ψ(0)|ψ(t)〉, quantifying the time-
dependent deviation from the initial state |ψ(0)〉. Re-
cently, DQPTs have been observed experimentally both
with ultra-cold atoms [25] and trapped ions [26].
Generalized Loschmidt echo and mixed state DQPTs.
Here, we study a generalization of the Loschmidt-Echo
to general density matrices defined as
Gρ(t) = Tr[ρ0U(t, 0)], (1)
where ρ0 is the density matrix describing the initial
state and U(t, 0) is the time evolution operator. The
relation between Gρ and the standard Loschmidt echo
becomes manifest when purifying ρ0 =
∑
j wj |j〉〈j| as
|Ψρ0〉 =
∑
j
√
wj |j〉 ⊗ |j〉a, where |j〉a are orthonomal
states in an ancilla Hilbert space Ha that is chosen iso-
morphic to the physical Hilbert space H. With the time
evolved purified state |Ψρ(t)〉 = U(t, 0)⊗ 1a|Ψρ0〉, the re-
lation
Gρ(t) = 〈Ψρ0|Ψρ(t)〉 (2)
establishes the formal equivalence to the standard
Loschmidt echo G(t) for pure states. In complete analogy
to the pure state case, the Fourier transform of Gρ is the
power distribution P (E) of the system’s energy E after
the quench.
We note that the extension of the Loschmidt amplitude
to mixed states is not unique, as several generalizations
that are consistent with the pure state case are conceiv-
able (see e.g. Ref. [27] for an alternative definition). Our
present definition (1) is motivated by the recent insight
[28] that DQPTs are closely connected to discontinuities
in geometric phases [29, 30]. Replacing the role of the
pure state geometric phase by the interferometric phase
for mixed states [31] naturally leads us to Eq. (1) which,
at a formal level, is further corroborated by Eq. (2).
While thermal phase transitions are accompanied by
non-analyticities in the free energy density, DQPTs are
hallmarked by non-analytic behavior of the rate function
gρ(t) of the Loschmidt amplitude (see e.g. Fig. 1) which
in our mixed-state context is defined as
gρ(t) = − 1
N
log|Gρ(t)|2, (3)
where N is the number of degrees of freedom of the
system. In the pure state limit, it has been shown
that DQPTs inherit many essential properties of conven-
tional equilibrium phase transitions including robustness
against weak perturbations [32–35] or scaling and univer-
sality [36].
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Figure 1: Panel (a): Dynamical quantum phase transitions
(DQPTs) in the Chern insulator Dirac model (see Eq. (9))
for initial states at different temperatures. The DQPTs are
visible as cusps at the temperature-independent critical times
t∗c and t
∗
a (marked with grey lines) in the time-derivative of the
Loschmidt rate function dgρ/dt. We show data for a quenches
from parameters mi = 5.0, λi = 3.0 to a final mf = 1.5, λf =
1.0 at several initial inverse temperatures β. Panels (b-e):
Momentum-dependent phase of Gkρ (t) at t = 1.5 < t∗c (b),
t∗c < t = 2.1 < t
∗
a (c), t
∗
c < t = 2.3 < t
∗
a (d), and t = 2.6 > t
∗
a
(e), exhibiting phase vortices created at t∗c and annihilated at
t∗a.
Analogous to the pure state case, non-analyticities in
gρ(t) are closely connected to Fisher-zeros in Gρ(t), where
the time evolved purified state |Ψρ(t)〉 becomes orthog-
onal to the initial state |Ψρ0〉 = |Ψρ(t = 0)〉 (see Eq.
(2)). For the standard Loschmidt amplitude G(t), it has
been shown [28] that Fisher zeros are always accompa-
nied with pi-phase slips of the Pancharatnam geometric
phase [29, 30]. Here, we find that Fisher-zeros in Gρ(t) are
directly related to such phase jumps in the interferomet-
ric phase introduced in Ref. [31] to describe geometric
effects in interference experiments on mixed states.
Signatures of topology in quench dynamics. To reveal
the role of topology in mixed state DQPTs and their po-
tential as dynamical probes of topological properties, we
study sudden quantum quenches from an initial Hamil-
tonian Hi to a final Hamiltonian Hf at time t = 0. In
contrast to earlier work assuming the initial state to be
the ground state of the initial Hamiltonian, here we only
require the initial density matrix ρ0 to be in a generalized
Gibbs ensemble with respect to Hi, i.e. to be diagonal in
the basis of Hi.
The class of Hamiltonians we consider are gapped
band structures encompassing insulating fermionic sys-
tems within the independent particle approximation and
superconducting systems at the mean-field level, respec-
tively. For concreteness, we illustrate our construction
with two-band models following recent experiments in
ultracold atoms [7–13]. We note, however, that the ex-
tension of DQPTs to multi-band systems has been gener-
ally analyzed in Ref. [37]. Turning to momentum space,
the Hamiltonians of interest can be cast in the form
hµk =
~dµk · ~σ, µ = i, f, (4)
where ~σ = (σx, σy, σz) denotes the vector of standard
Pauli matrices and ~dik (
~dfk) is a real three-component vec-
tor characterizing the initial (final) Bloch Hamiltonian at
lattice momentum k. This choice of representation of the
Hamiltonian automatically fixes the zero of energy. The
Bloch eigenstates of the upper (+) and lower (−) bands
before (µ = i) and after (µ = f) the quench are denoted
by |µ±k 〉 and the corresponding energy eigenvalues are
µk,± = ±µk . In this notation, the initial density matrix
takes the form
ρk(0) =
1
2
(1− ~nk(0) · ~σ) = pk|i−k 〉〈i−k |+ (1− pk)|i+k 〉〈i+k |,
(5)
where ~nk(0) denotes the initial Bloch vector and the
probability 0 < pk ≤ 1 of being in the lower band
of the initial Hamiltonian parameterizes the translation-
invariant generalized Gibbs state.
To explicitly compute the density matrix Loschmidt
amplitude Gρ(t) =
∏
k Gkρ (t), we expand the initial eigen-
states in the basis of the final Hamiltonian as |i−k 〉 =
gk|f−k 〉+ek|f+k 〉 and |i+k 〉 = e∗k|f−k 〉−g∗k|f+k 〉, respectively.
In this notation, the central quantity Gkρ (t) is readily ex-
pressed explicitly as
Gkρ (t) =pk(|gk|2ei
f
kt + |ek|2e−i
f
kt)+
(1− pk)(|ek|2ei
f
kt + |gk|2e−i
f
kt). (6)
For pure initial states, i.e. for pk ≡ 1, it is well known
[28, 38] that Fisher zeros only occur at so called critical
momenta kc which are characterized by |gkc |2 = |ekc |2 =
1/2, or equivalently by ~dikc · ~dfkc = 0. Remarkably, even
for general mixed initial states (see Eq. (5)), we find at
critical momenta independently of pk, i.e. in particular
independently of temperature for thermal states that
Gkcρ (t) = cos(fkct). (7)
According to Eq. (7), the amplitude Gkcρ (t) at a critical
momentum kc changes sign at times t
n
c = pi/(2
f
kc
)(2n+
31), n ∈ N0, leading to a pi-jump of the associated phase
φk(t) defined via:
Gkρ (t) = rk(t)eiφk(t), (8)
thus imprinting a unique signature of DQPTs in the
phase profile φk(t). Importantly, φk(t) is accessible ex-
perimentally using interferometry for mixed states [31].
Furthermore, as our subsequent analysis shows, mapping
out the time-dependent Bloch-vector ~nk(t) (see Eq. (5))
along the lines of Refs. [15, 25] also allows to detect clear
signatures of the DQPTs discussed here.
From Eq. (7) we conclude that Fisher-zeros and, as a
consequence DQPTs, occur in all situations where they
would have occurred for pure initial states at the same
critical times. Furthermore, it is easy to see from Eq. (6)
that as long as pk > 0.5 for all k, including in particular
all finite temperature states, no additional Fisher-zeros
can arise compared to the pure state case. This pro-
vides a strong generalization of the notion of DQPTs to
mixed states [39]. In contrast, if pk = 0.5, we always find
Gkρ (t) = cos(fkt) irrespective of the values of gk and ek
which renders infinite temperature a singular point with
Fisher-zeros at all momenta.
For pure initial states, a deep relation between band
structure topology and the occurrence of DQPTs has
been revealed [25, 28, 37, 38]: Changes in the topologi-
cal invariants of the Hamiltonian over the quench imply
the occurrence of DQPTs in the post-quench dynamics.
Furthermore, DQPTs that are in this sense of topological
origin can be phenomenologically distinguished [25, 28]
from accidental ones that do not involve changes in the
band structure topology (see also Fig. 3 and its discus-
sion below). A central result of our present work is that,
quite surprisingly, these sharp non-analytical features in
the real time evolution of quantum many-body systems
fully survive for a quite general class of mixed states, in-
cluding states at arbitrary but finite temperature. To
illustrate and discuss these insights, we will study two
paradigmatic benchmark examples below.
For concreteness, we focus on systems in two spatial
dimensions (2D), where the relevant topological invari-
ant characterizing gapped band structures is the inte-
ger quantized Chern number C. As mentioned before, a
change in C over the quench implies the presence of crit-
ical momenta leading to Fisher zeros and DQPTs. Since
~dik and
~dfk are smooth functions of k, critical momenta
hallmarked by ~dikc ·~dfkc = 0 occur on closed contours in the
first Brillouin zone (BZ) which we call critical contours Γc
in the following. The precise times, for which the pi-phase
jumps occur on the contour Γc, depend crucially on the
spectrum c ∈ [minc , maxc ] corresponding to the critical
momenta on Γc, see Eq. (7). The first Fisher zeros oc-
cur at the momenta with the highest post-quench energy
fkc = 
max
c . The associated pi-phase jumps in φkc(t) lead
to the formation of vortex anti-vortex pairs in the phase
profile φk(t) (see e.g. Fig. 1(c)). Following the energy
dispersion on the critical contour, the vortex anti-vortex
pairs split and the vortices move along the critical con-
tours until they annihilate with one of their anti-parts
at a later time, now determined by the minimum energy
minc on Γc (see e.g. Fig. 1(b-e)).
Benchmark examples. As concrete examples we con-
sider two paradigmatic 2D systems, namely the massive
Dirac model (MDM) for a Chern insulator on a square
lattice [40], and the Haldane model [41] on the honey-
comb lattice, which has been recently realized in an ultra-
cold atom experiment [11]. Using the notation of Eq. (4),
the MDM is defined as
~dk =
(
λ sin(kx), sin(ky),m− cos(kx)− cos(ky)
)
, (9)
with k = (kx, ky) denoting the 2D crystal momentum.
Here, m represents the Dirac mass and λ > 0 is an
anisotropy parameter which allows us to tune the na-
ture of the DQPTs as shown below. Throughout the
manuscript we measure length in units of the lattice spac-
ing, and the overall energy scale of the Hamiltonian is set
to 1. The model exhibits three topological phase tran-
sitions at m = ±2 and m = 0 separating trivial insu-
lating phases for |m| > 2 from topological phases with
C = sign(m) for |m| < 2. We note that varying λ only
deforms the band structure and affects its symmetry, but
leaves the Chern number untouched (given λ > 0).
In agreement with the above analysis, topologically
protected DQPTs occur at arbitrary temperature β =
1/T > 0 initial states, whenever a system is quenched
across a topological transition changing the Chern num-
ber C from 0 to 1. In Fig. 1 we show numerical data for
such a DQPT for a quench from mi = 5.0, λi = 3.0 to
mf = 1.5, λf = 1.0. Panel (a) shows the time deriva-
tive of the rate-function gρ(t) (see Eq. (3)) at various
inverse temperatures. Remarkably, the temporal non-
analyticities at critical times t∗c and t
∗
a in the form of
kinks in dgρ/dt hallmarking the DQPTs sharply survive
at the same critical times for initial states at arbitrary
finite temperature.
The creation and annihilation of vortex-antivortex
pairs in the phase φk(t) is inherently connected with
DQPTs in 2D (see Fig. 1), as generally discussed above.
Concretely applied to our present example, two vortex-
antivortex pairs are created at time t∗c at the top and
bottom of the critical contour and annihilated at t∗a after
traveling half around the critical contour (Fig. 1(c-e)).
The time period between the two DQPTs hence concurs
with the lifetime of the vortices.
The length of this temporal interval with nonzero den-
sity of Fisher zeros depends crucially on the anisotropy
λ. When λ → 1.0, we obtain t∗a → t∗c in the limit
where mi and mf approach the critical 2.0 from oppo-
site sides. In this situation the critical contour lies on
the rotationally symmetric Dirac cone that forms around
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Figure 2: DQPTs in the symmetric (λ = 1.0) massive Dirac
model (9). Panel (a): gρ(t) for different initial inverse tem-
peratures β. At the critical time t∗, g(t) exhibits a kink in
the limit mi → 2 + 0+,mf → 2 − 0+, quite visible already
for the present quench parameters mi = 2.3,mf = 1.7. Pan-
els (b-c): Phase of Gρ(t) for β = 1.2,mi = 2.3,mf = 1.7 at
t = 3.9 < t∗ (b) and t = 4.1 > t∗ (c), respectively. At t∗
the phase suddenly jumps from 0 (white) to pi (blue) on the
entire ring-shaped critical contour.
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Figure 3: Critical contours for the Haldane model with φ =
pi/2, V = 1, and V ′ = 1/4 at nonzero initial temperature
β = 1. The red crosses mark the locations of the Dirac points
of the two topological transitions at Mc = ±3
√
3V ′. Panel
(a): Phase profile at time t = 1/2 for a topologically-protected
DQPT with a quench from mi = 2 to mf = 1/2 where the
critical contour, along the white line here, encloses the Dirac
point of the underlying crossed topological transition. Panel
(b): Phase profile at time t = 0.4 for a quench from mi = 2
to mf = −2, starting and ending in the topologically trivial
phase. Here, the critical contour separates two regions in the
Brioullin zone either incorporating both Dirac points or none.
k = 0 at m = 2.0. Thus all critical momenta have the
same post-quench energy and all corresponding Fisher-
zeros collapse to the critical time t∗ = t∗a = t
∗
c . This
leads to a simultaneous singularity in the interferometric
phase [31] on the entire critical contour and thus a kink
directly in gρ(t) rather than its time derivative. In Fig.
2, we illustrate this behavior by plotting gρ(t) for various
temperatures (panel (a)) as well as the phase of Gkρ (t)
shortly before (panel (b)) and after (panel (c)) t∗.
As a second benchmark example we consider the Hal-
dane model on a honeycomb lattice [41]. In the notation
of Eq. (4), this model is defined as:
dxk = V
3∑
j=1
cos(kaj), d
y
k = V
3∑
j=1
sin(kaj),
dzk = m− 2V ′ sin(φ)
3∑
j=1
cos(kbj). (10)
For the definition of the vectors aj and bj connecting
nearest and next-to-nearest neighbor lattice sites on the
honeycomb lattice we refer to Ref. [41]. For V ′/V <
1/3, the system exhibits a trivial insulating phase for
M/V ′ > 3
√
3| sin(φ)| and a topological one for M/V ′ <
3
√
3| sin(φ)| [41].
In Fig. 3, we compare topologically protected DQPTs
to accidental ones for nonzero initial temperatures.
When quenching from the trivial to a non-trivial regime
(see Fig. 3(a)), we find one critical contour Γc in φk(t)
winding around the Dirac point associated with the
topological transition that is crossed by the considered
quantum quench. By contrast, when quenching without
changing the Chern number C (see Fig. 3(b)), the model
also supports accidental DQPTs if the quench bridges a
non-trivial region. However, in this case the critical con-
tour no longer separates the two Dirac points associated
with the two crossed topological transitions, but rather
separates a region including both Dirac points from a re-
gion with none. This provides a clear qualitative distinc-
tion between the accidental DQPT and the topologically
protected one.
Concluding discussion. The topologically protected
mixed state DQPTs introduced in this work provide a
powerful tool to dynamically probe changes in the topo-
logical properties of the Hamiltonian over a quench in
a non-equilibrium fashion, without the necessity of ever
preparing a low-temperature state. This is of direct im-
portance for present experiments on ultracold atomic
gases, where quenching between topologically distinct
Hamiltonians is state of the art, while preparing topo-
logically non-trivial low temperature states remains an
open challenge. Full post-quench state reconstruction
along the lines of Ref. [15] provides the necessary tools
to observe the implications of our findings in full detail.
In particular, by mapping out the time-dependence of
the Bloch vector characterizing the density matrix of a
5two band model, the dynamical vortices hallmarking the
mixed state DQPTs discussed in our present work can be
fully reconstructed [25].
In our analysis, we have assumed the post-quench dy-
namics as perfectly coherent. This is a good approxima-
tion for the short-time post-quench dynamics considered
in the study of DQPTs where the relevant time scales
are shorter than coherence times, as confirmed experi-
mentally in optical lattices [25]. The generalization of
our results to open-system dynamics accounting for ex-
perimental scenarios with stronger decoherence, as well
as taking into account the effect of coupling to higher
Bloch bands of the optical lattice are interesting subjects
of future work.
Recently, a slightly different approach towards the gen-
eralization of DQPTs to nonzero temperatures has been
reported [27]. There, it is found that the non-analyticities
characterizing the DQPTs for pure states are smoothed
out at nonzero temperature, based on a different exten-
sion to mixed states of the Loschmidt amplitude as com-
pared to Eq. (1). For the considered topological systems,
our generalization of DQPTs reproduces the experimen-
tal observation of phase vortices in ultracold atoms [25],
an experiment unavoidably performed on mixed states.
Note added. During the preparation of this manuscript
for submission we became aware of a related work on
DQPTs for mixed states in 1D systems [42].
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